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a  b  s  t  r  a  c  t

The  absence  of  an  accurate  analytical  model  for  the  temperature  distribution  in  micro-hot-plates  does
not  allow  the  systematic  design  of  micro-heaters  with  high  temperature  uniformity  in the  hot  region,
a  key  issue  for  the  fabrication  of  accurate  gas  sensors,  infrared  emitters  with  high  spectral  purity,  and
micro-reactors  with  uniform  deposition  on  sufficiently  large  areas.  Here,  by considering  a  circular  heater
geometry  and  typical  (i.e.  very  small)  thicknesses,  we  reduce  the  three-dimensional  temperature  dis-
tribution  to one  dimension  only  and, by solving  a form  of  Bessel  differential  equation,  we  express  the
eywords:
icro-hot-plates

emperature distribution
as sensors

nfrared emitters
icro-reactors

temperature  distribution  in terms  of  modified  Bessel  functions.  The  resulting  relations  accurately  approx-
imate the  radiation  heat  transfer  within  the  heater,  which  is  a  decisive  advantage  as  the  temperature
within  the  heater  is generally  very  high.  Finally,  we  demonstrate  that  our model  has  almost  the  same
accuracy  as  finite  element  method  (FEM)  simulations  and  is  therefore  suitable  for  designing  micro-hot-
plates  with  unprecedented  temperature  homogeneity  as  well  as  for  accurately  predicting  the  temperature
profile  in  generic  micro-hot-plates.
. Introduction

Micro-hot-plates are micro-machined devices comprising resis-
ive heaters; the heater is integrated within a membrane which is
hermally isolated from the silicon substrate by etching [1]. As a
ey advantage, due to increased thermal resistance between the
eater and substrate, micro-hot-plates allow one to obtain high
emperature with low power consumption [2];  moreover, since
he micro-hot-plate can be heated without significantly increasing
he substrate temperature, other elements on the same chip (elec-
ronic interface [3],  other sensors/actuators and possibly, in future,
ntegrated energy harvesters [4–6]) can operate at much lower
emperatures than the micro-hot-plate [7].  Additionally, micro-
ot-plates are fast to heat and cool quickly due to their low thermal
ass and may  also be cheap for sufficiently large volumes [2,8]. One

f the major applications of micro-hot-plates is to heat sensitive
aterials of chemical sensors to an optimal working temperature

e.g. in metal oxide gas sensors), with application in food analysis,
edicine, and more [9,10];  however, both the selectivity and sen-
itivity of the sensors strongly depend on temperature within the
ensing area [1,11,12] so that temperature uniformity is crucial.
urthermore, micro-hot-plates can efficiently emit infrared light
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at temperatures in excess of 600–700 ◦C, with application in opti-
cal gas sensing systems for air quality monitoring (CO2), gas leak
detection (natural gas, cooling agents, N2O), fire detection (CO2,
CO) and water detection in brake and hydraulic fluids [8,13].  How-
ever, even for infrared emission, the temperature uniformity of
the micro-hot-plate is crucial [14] because the emission strongly
depends upon temperature. As another very promising application,
micro-hot-plates can be used for growing thin films or nanostruc-
tures, e.g. by chemical vapor deposition, in micro-reactors, with
possibly decisive advantages such as low cost, reduced waste of
chemicals, much faster start and stop of the growth and simul-
taneous testing of many different experimental conditions (i.e. by
using arrays of devices in a single chip) [7,15]. However, even in this
case, the existence of temperature gradients unavoidably results
in non-homogeneities of the thin film or nanostructures [15,16]
which may be undesirable in some applications (e.g. growth of an
array of nominally identical nanowires [17]).

Micro-hot-plates with simple meander shape heaters typically
have a central hot spot [12] because, though the power per unit area
within the heater is almost constant, there is a significant asymme-
try between the central (surrounded only by other hot regions) and
the peripheral parts (surrounded by both hot and cold regions) of
the heater. Therefore, different strategies have been reported in lit-

erature for homogenizing the temperature distribution within the
heater. A first straightforward and effective method is to include
a heat spreading plate [2,7,12] which, however, increases the
cost and complexity of fabrication. As another (and, eventually,

dx.doi.org/10.1016/j.snb.2012.11.007
http://www.sciencedirect.com/science/journal/09254005
http://www.elsevier.com/locate/snb
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omplementary) approach, the heater geometry can be designed
o that the power per unit area within the heater is significantly
on-constant (e.g. spiral heater) and can somehow compensate

or the asymmetry between the central and the peripheral parts
18–22]. Additionally, it has been proposed to use two  distinct
eaters for separately compensating the thermal losses inside and
utside heater [17,23,24].  Finally, it has also been demonstrated
hat two distinct temperature sensors and control loops can be used
or independently controlling two temperatures in the hot-plate
23].

In the absence of a sufficiently accurate analytical model for the
emperature distribution there are no systematic design method-
logies for the design of micro-hot-plates with high temperature
niformity. The goal of this paper is to determine an analytical
odel for the temperature distribution in membrane-type micro-

ot-plates which has almost the same accuracy as FEM simulations
nd is therefore suitable for systematic design of micro-hot-plates
ith substantially improved temperature uniformity as well as for

llowing to easily predict the temperature profile in a micro-hot-
late once the temperature is measured (or controlled) in relevant
oints.

In literature, several analytical models have been proposed
or predicting the temperature distribution in membrane-type

icro-hot-plates [25–31].  Kozlov determined the temperature dis-
ribution in thermal micro-sensors (radiation sensors, thermal
onverters, metal oxide gas sensors and pellistor-type catalytic gas
ensors) using the Fourier method [25,26]. However, in order to
implify the radiation heat loss as a linear function of the sen-
or temperature, Kozlov assumed that the temperature difference
etween the sensor and the environment is small; this however

s not accurate for micro-hot-plates, whose temperatures are gen-
rally much higher than the environment temperature. Moreover,
ozlov did not consider the heater geometry in the heat-generating
egions, which is very important, as we shall see. Similarly Völklein
t al., in their model for temperature distribution in thermoelectric
icro-sensors (radiation, power, flow or vacuum sensors), sim-

lified radiation heat loss using the same assumption of small
emperature difference between the environment and the sensor
28] which is not accurate for micro-hot-plates. Secondly, Völklein
t al. considered heat spreading plates and, therefore, assumed a
onstant temperature inside the heater and determined the tem-
erature distribution only outside the heater, which is obviously
ot suitable for the design of micro-hot-plates with high temper-
ture uniformity within the heater. Similarly, Giberti et al. also
ssumed a constant temperature inside the heater region [29]; fur-
hermore, despite their rectangular heater geometry, they assumed
ircular structural symmetry; additionally, they also ignored radia-
ion heat losses. Similarly, Li et al. developed analytical relations for
emperature distribution in micro-hot-plate using Bessel functions
30]; however they also assumed circular structural symmetry even
hough they adopted a rectangular micro-hot-plate structure. Addi-
ionally, Li et al. utilized a single ring heater design which is not
eneral; moreover, they also simplified radiation loss by assuming

 small temperature difference between micro-hot-plate and envi-
onment which is not correct for the typically high temperatures of
icro-hot-plates. Correspondingly, Csendes et al. have determined

he temperature distribution in thermally isolated structures using
ourier method [27]; nevertheless they ignored the heat lost due
o radiation and convection which in fact are significant and can be
ecisive in micro-hot-plate design. Moreover, Jain et al. [31] have
eveloped a model for prediction of temperature distribution in
embrane-type micro-hot-plate with a line heat source; however,
hey assumed that the convection and radiation heat transfer are
egligible, whereas, in the common micro-hot-plates, especially for
as sensing and micro-reactors, radiation and convection cannot be
gnored. Moreover, the micro-hot-plate structure utilized by Jain
Fig. 1. Simplified representation of a micro-hot-plate (not in scale).

et al. work is unconventional as it utilizes a line heat source, which
is unlike the common micro-hot-plate structures, for gas sensing,
micro-reactors and infra-red emitters, which have a heater region
(where an even temperature is desired) and an external region. As
another important issue, none of the aforementioned models has
been validated by comparison with either FEM or measured results.

Here, we consider membrane-type micro-hot-plates with circu-
lar symmetry and typical (i.e. very small) values of the thickness;
with these assumptions it is possible to find a general analytical
expression for the temperature distribution. Our relations are only
apparently similar to other cylindrical structures like annular fins
[32] however we also consider radiation heat loss within the hot
region, which is crucial because of the typically high temperatures
of micro-hot-plates. Afterwards, as an illustrative example, we con-
sider a two-heater design with two important types of boundary
conditions and we  show how the general relations can be applied
in both cases; clearly, our relations are general and can be applied
to different boundary conditions as well as to other circular multi-
heater designs.

2. Analytical modeling of temperature distribution in
micro-hot-plates

We  consider the micro-hot-plate schematically shown in Fig. 1,
where tm is the thickness of the membrane, rm is the radius of the
membrane, and rh is the radius of the hot-region (i.e. the area whose
temperature profile must be as close as possible to the desired one,
dark-gray color in Fig. 1). We  will refer to Th as the desired tempera-
ture for the hot-region and will consider the temperature boundary
condition T = Ta (Ta, ambient temperature) for the bulk [23]. In gen-
eral, there are conduction heat transfer through the membrane and
both convection and radiation heat transfer at both the top and
the bottom surfaces of the membrane. In typical devices the tem-
perature is very high in the heater region and, while outside of
heater region, it rapidly decays toward the much lower ambient
temperature, Ta at the bulk; therefore, intuitively, since radiation
heat transfer greatly increases at higher temperatures [1],  as a first-
order approximation we may  consider radiation heat loss only in
the heater region. This simplification will under-estimate the heat
losses outside the heater region and, therefore, will over-estimate
the thermal resistance between the heater region and the bulk or,
equivalently, will over-estimate the temperature in the hot region
for a given heater power. Though the error in Th can be large (e.g.
even larger than 10 ◦C), if we  restrict to the hot region, there is
only a constant over-estimate error or, equivalently, a shift of the
temperature distribution (in fact, inside the heater region radiation

would be fully taken into account) which does not affect the eval-
uation of the temperature uniformity. As a consequence, for the
design of micro-hot-plates with high temperature uniformity, this
approximation is unimportant (as we  shall verify later, see Fig. 6
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Fig. 2. Heat flows for a thin cylindrical ring.

nd correspondent discussion). Similarly, obviously, this constant
in the heater region) shift is irrelevant for the prediction of the tem-
erature profile in the heater region if the temperature is measured
or controlled) in relevant points inside the heater region.

Since, for simplicity, we consider a perfectly circular structure,
s shown in Fig. 1, there is no circular temperature variation. More-
ver, since the thickness tm in a micro-hot-plate must typically be
ery small (in order to achieve sufficient thermal isolation between
eater and substrate) the temperature variation along thickness
an also be ignored. Consequently, we assume that temperature in
he entire membrane only depends on the distance from the center,
; this simplification reduces the three-dimensional temperature
istribution to one dimension only.

By applying thermal energy balance to a thin cylindrical ring in
icro-hot-plate (see Fig. 2) we find:

Qc

∣∣
r+�r

− Qc

∣∣
r
+ Qcv−top+ Qcv−bottom+ Qrad−top + Qrad−bottom= 0 (1)

here Qc is the heat flow due to conduction, Qcv-top and Qcv-bottom
re the convection heat flows from the top and bottom surfaces,
rad-top and Qrad-bottom are the radiation heat flows from the top and
ottom surfaces. The conduction, convection, and radiation heat
ows may  be expressed as [32]:

c = qc(2�rtm) (2)

cv−top + Qcv−bottom = hc(2�r�r)(T − Ta) (3)

rad−top + Qrad−bottom = �ε(2�r�r)(T4 − T4
a ) (4)

here � is Stefan’s Boltzmann constant, qc is heat flux for con-
uction in the radial direction, 2�rtm is cross sectional area for
onduction, 2�r�r is the surface area for convection and radia-
ion, ε is the average surface emissivity of membrane and hc is
he average convection heat transfer coefficient (average refers
o the top and bottom surfaces which, in general, may  have dif-
erent emissivities and convection heat transfer coefficients). The
onvection heat transfer coefficient hc is rather difficult to predict
e.g. it strongly depends on micro-hot-plate geometry, packaging,
nvironment, etc. [33]) and therefore must be determined prior to
sing our method. In literature, several methods have been utilized,

ncluding both FEM simulations and/or experiments [24,33,34];  for
ur simulations we have utilized the values reported in Ref. [35].

Since we are considering radiation loss only within the hot
egion, if the micro-hot-plate is properly designed for high tem-
erature uniformity (i.e. the temperature in the heater is almost
onstant and equal to the average temperature in the heater area,
h), by taking advantage of the first-order Taylor series expansion

entered at T = Th, we can linearize,

T4 − T4
a ] � 4T3

h

[
T −

(
3Th

4
+ T4

a

4T3
h

)]
. (5)
ators B 177 (2013) 535– 542 537

The error of this approximation will be especially small if the
temperature variations around the reference temperature Th are
very small which will be the case for a micro-hot-plate designed
for maximum temperature uniformity.

Therefore, putting (5) into (4) we find that the radiation loss
within heater area is, approximately, a linear function of T, so that,

Qrad−top + Qrad−bottom = �ε(2�r�r)(4T3
h )

[
T −

(
3Th

4
+ T4

a

4T3
h

)]
(6)

Now, having simplified the relation for radiation loss, we  substi-
tute the terms from (2),  (3) and (6) into the expression for thermal
energy balance (1),

qc(2�rtm)
∣∣
r+�r

− qc(2�rtm)
∣∣
r
+ 2hc(2�r�r)[T  − Ta]

+ 2�ε((2�r�r))(4T3
h )

[
T −

(
3Th

4
+ T4

a

4T3
h

)]
= 0.

(7)

Dividing (7) by 2��rtm, rearranging and taking the limit as �r
tends to zero, we obtain:

lim
�r→0

qcr|r+�r − qcr|r
�r

+ 2hcr

tm
[T − Ta]

+ 2�εr(4T3
h

)

tm

[
T −

(
3Th

4
+ T4

a

4T3
h

)]
= 0. (8)

Using the definition of derivative, we  get:

d

dr
(qcr) + 2hcr

tm
[T − Ta] + 2�εr(4T3

h
)

tm

[
T −

(
3Th

4
+ T4

a

4T3
h

)]
= 0.

(9)

Substituting qc = − k[dT(r)/dr] (Fourier’s law for heat conduction
[32] where k is the thermal conductivity of the membrane), into
(9) and rearranging:

d

dr

(
r

dT

dr

)
− 2hcr

ktm
[T − Ta] − 2�εr(4T3

h
)

ktm

[
T −

(
3Th

4
+ T4

a

4T3
h

)]
= 0.

(10)

Now, it is useful to rewrite (10) as:

d

dr

(
r

dT

dr

)
− (2hc + 8�εT3

h
)r

ktm

(
T − (2hcTa + 6�εT4

h
+ 2�εT4

a )

(2hc + 8�εT3
h

)

)
= 0.

(11)

As a result, if we define,

To = 2hcTa + 6�εT4
h

+ 2�εT4
a

2hc + 8�εT3
h

, (12)

we find:

d

dr

(
r

dT

dr

)
− (2hcr + 8�εrT3

h
)

ktm
[T − To] = 0. (13)

If we now define �T  = T − To and apply the chain rule, we get:

d2(�T)
dr2

+ 1
r

d(�T)
dr

− (2hc + 8�εT3
h

)�T

ktm
= 0. (14)

This is a form of Bessel’s differential equation of zero order and
has a general solution [32],

�T(r) = C1I0(nor) + C2K0(nor)

T(r) = C I (n r) + C K (n r) + T (15)
1 0 o 2 0 o o

where no =
√

(2hc + 8�εT3
h

)/ktm, C1 and C2 = constants that
must be determined by applying the boundary conditions,
Ii = modified Bessel function of 1st kind and i-th order, where
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Fig. 3. Cross-sectional view of a micro-hot-plate (not in scale).

dI0(nor)/dr] = noI1(nor) [32,36], and Ki = modified Bessel function of
nd kind and i-th order, where [dK0(nor)/dr] = − noK1(nor) [32,36].

This is a general expression for temperature distribution in a
ircular micro-hot-plate (see Fig. 1), where radiation heat losses
utside the hot region have been ignored (the temperature outside
he heater is not always very close to Th, so the Taylor approxima-
ion (5) may  not be used). As we discussed before, this corresponds
o over-estimating the average temperature in the hot area, Th,
ut does not affect the evaluation of the temperature uniformity.
oreover, this simplification is unimportant for the design of
icro-hot-plates with high temperature uniformity (see Fig. 6 and

orrespondent discussion) as well as for predicting the temperature
rofile once the temperatures in relevant points are measured. We
ention that (15) is similar to the expression found for temperature

istribution in annular fins [32], but, as a decisive advantage, takes
nto account the radiation heat transfer inside the heater which is
rucial for the typically high temperatures of micro-hot-plates.

Fig. 3 shows the cross-section of a circular micro-hot-plate using
he two-heaters approach [17,23,24],  i.e. there are two ring-shaped
eaters. For clarity, we refer to the temperatures of the inner
nd outer heaters as Thi and Tho, respectively; for high-uniformity
esign, these temperatures should be close. For simplicity, we shall
efer to inner and outer heaters; in practice, the inner and outer
ings may  be connected in series or in parallel. With such two-rings
eometry, the micro-hot-plate comprises five regions: a central
egion inside the inner heater; the inner heater region; an inter-
ediate region between the inner and the outer heaters; the outer

eater region; an external region outside the outer heater (the
eater comprises central region, inner heater region, intermedi-
te region and outer heater region). Since, ideally, all these regions
ave a circular symmetry (and sufficiently small thickness, so we
an neglect the temperature variations along the thickness), if we
gnore radiation loss outside the heater and linearize the temper-
ture dependence of the radiation heat flow inside the heater, the
eneral expression (15) can be used for each region, provided the
orrect boundary conditions are applied. This methodology can
bviously be applied to arbitrary numbers of rings.

For simplicity, though we are interested in the temperature
rofile inside the heater (and, therefore, cannot assume the temper-
ture in the heater is constant), we assume that: the temperature
ithin the inner heater is constant; the temperature within the

uter heater is also constant; the temperatures of both the inner
nd outer heaters are known. In practice, these assumptions
orrespond to considering the inner and outer heaters as ideal
emperature sources. In fact, first, since the heaters temperatures
an be independently measured by distinct temperature sensors
r even independently controlled by distinct control loops [23],
e may  assume that the heaters temperatures can be measured

r controlled with reasonable accuracy. Furthermore, the hypothe-
is on constant temperatures within the heaters greatly simplifies

ur simulations by avoiding the introduction of electrical contacts
which would unavoidably somehow perturb the circular symme-
ry, a problem we do not deal within this paper) and may  also
e partially justified, in case the heater thickness is sufficient, by
ators B 177 (2013) 535– 542

the very high thermal conductivities of typical heaters materials
(often metals). Though simplified, this scenario is sufficient for FEM
validation of our model; moreover, the expression (15) is general
and can also be used without this simplification (for two heaters
as well as for arbitrary ring-shaped multi-heaters structures), pro-
vided the heaters are designed in such a way  that circular symmetry
is accurately preserved.

With the resulting three-regions simplified structure, we can
easily determine the analytical expressions for the temperature,
which, in practice, corresponds to applying proper boundary con-
ditions for finding specific solutions from the general solution
(15). Here, as two  important illustrative examples, we consider
two distinct types of boundary conditions: as a first type, case
(a), we  consider that the two  temperatures at inner and outer
heaters are arbitrarily defined (for high-uniformity design, these
temperatures should be equal, but, for generality, we  consider two
arbitrary temperatures); as a second type, case (b), we  consider
the design methodology proposed in [23,24],  which consists in
nulling the conduction heat transfer at the inner extremity of the
outer heater. Though the case (b) approach has been proposed [24]
for high-temperature uniformity, here we observe that case (a)
boundary conditions are better for temperature uniformity as they
correspond to zero the linear dependence on the radius of the tem-
perature profile between the inner and outer heater (i.e. the linear
term is zeroed and only “higher-order” terms are left, similar to the
design of bandgap voltage references [37] where zeroing the linear
dependence on temperature results in a smaller voltage variation).
Though case (b) may  not be ideal for temperature uniformity, it
may  still be useful in other applications and is therefore a second
significant example for the validation of our model.

Therefore, below we separately consider the three-regions and,
for each region, we  apply both the types of boundary conditions
(BC) and determine the temperature distribution (in practice, the
only difference between cases (a) and (b) is found in the interme-
diate region, so in the central and external region there is no need
to distinguish between cases (a) and (b)).

Central region (0 ≤ r ≤ rhi) (for both the cases (a) and (b)).

BC – I: The circular symmetry gives:

dT

dr

∣∣∣
r=0

= 0

BC – II: The temperature at the inner heater is:

T(r)
∣∣
r=rhi

= Thi

Solving the general expression (15) with the previous boundary
conditions, we  find:

C1 = Thi − To

I0(norhi)
C2 = 0. (16)

Substituting the constants from (16) into (15) we  get,

T(r) = (Thi − To)
I0(norhi)

I0(nor) + To (17)

which is, in both cases (a) and (b), the temperature distribution in
the central region.

Intermediate region (rhi + whi ≤ r ≤ rho).In both cases (a) and
(b) we find:
BC – I: Temperature at the inner heater is Thi.

T(r)
∣∣
r=rhi+whi

= Thi
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C – II: Case (a) – In case (a), we also know the temperature at the
outer heater Tho,

T(r)
∣∣
r=rho

= Tho

herefore, we may  find the constants C1 and C2,

1 =
[

(Thi − To)K0(norho) − (Tho − To)K0(no(rhi + whi))
I0(no(rhi + whi))K0(norho) − I0(norho)K0(no(rhi + whi))

]

2 = −
[

(Thi − To)I0(norho) − (Tho − To)I0(no(rhi + whi))
I0(no(rhi + whi))K0(norho) − I0(norho)K0(no(rhi + whi))

]
.

(18)

ubstituting such values into (15) we get:

(r) =
(

[(Thi−To)K0(norho)−(Tho−To)K0(no(rhi+whi))]I0(nor)
[I0(no(rhi+whi))K0(norho)−I0(norho)K0(no(rhi+whi))]

− [(Thi−To)I0(norho)−(Tho−To)I0(no(rhi+whi))]K0(nor)
[I0(no(rhi+whi))K0(norho)−I0(norho)K0(no(rhi+whi))]

)
+To

(19)

This is, in case (a), the expression for temperature distribution in
he intermediate region of the micro-hot-plate for a defined tem-
erature Tho at outer heater.

Case (b) – In case (b), at the inner extremity of the outer heater,
here is no conduction heat flow toward the inner heater [23,24]
hat is,

Qc

∣∣
r=rho

= qc(2�rtm)
∣∣
r=rho

= −k(2�rtm)
dT

dr

∣∣∣
r=rho

= 0

olving (15) for two boundary conditions, the constants C1 and C2
re given by,

1 = (Thi − To)K1(norho)
I0(no(rhi + whi))K1(norho) + I1(norho)K0(no(rhi + whi))

2 = (Thi − To)I1(norho)
I0(no(rhi + whi))K1(norho) + I1(norho)K0(no(rhi + whi))

. (20)

ubstituting values of the constants from (20) into (15) we  get:

(r) =
(

(Thi − To)[K1(norho)I0(nor) + I1(norho)K0(nor)]
I0(no(rhi + whi))K1(norho) + I1(norho)K0(no(rhi + whi))

)

+ To. (21)

This is, in case (b), the expression for temperature distribution in
he intermediate region of the micro-hot-plate designed, according
o Refs. [23,24] so that no conduction heat flows from the inner
xtremity of the outer heater toward the inner heater area. For this
esign, the temperature at the outer heater can be found using (21),

.e.

ho = T(r)
∣∣
r=rho

. (22)

External region (rho + who ≤ r ≤ rm) (for both the cases (a) and
b)).

C – I: The temperature at the outer heater is Tho.

T(r)
∣∣
r=rho+who

= Tho
C – II: The membrane edge is at ambient temperature Ta, which
is the temperature of the silicon substrate [23].
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T(r)
∣∣
r=rm

= Ta

Since radiation heat loss is ignored in the external region, we
may  rewrite the general expression (15) without heat radiation i.e.
ε → 0, so that,

T(r) = C1I0(nar) + C2K0(nar) + Ta, na =
√

2hc

ktm
(23)

Solving (23) with the correspondent boundary conditions, the con-
stants C1 and C2 are:

C1 = (Tho − Ta)K0(narm)
I0(na(rho + who))K0(narm) − I0(narm)K0(na(rho + who))

C2 = −(Tho − Ta)I0(narm)
I0(na(rho + who))K0(narm) − I0(narm)K0(na(rho + who))

. (24)

Replacing (24) into (23) we get,

T(r) =
(

(Tho − Ta)[K0(narm)I0(nar) − I0(narm)K0(nar)]
I0(na(rho + who))K0(narm) − I0(narm)K0(na(rho + who))

)

+ Ta. (25)

This is, in both cases (a) and (b), the temperature distribution in
the external region of the micro-hot-plate. In conclusion, the rela-
tions (17), (19)/(21) and (25), together with the assumption of
constant temperatures within the heaters, constitute an approxi-
mate analytical model for the temperature distribution in a circular
micro-hot-plate with two-ring-heaters. Importantly, our relations
are general and apply to any multi-heater micro-hot-plate (pro-
vided the heaters are designed in such a way  that the circular
symmetry is accurately preserved) because a generic multi-heater
micro-hot-plate has a central region inside the innermost heater
(i.e. same as our central region), has an external region outside the
outermost heater (i.e. same as our external region), and has some
intermediate regions between the adjacent heaters (i.e. same as our
intermediate region).

3. Comparison with FEM simulations

Since our model uses two  simplifications (radiation heat trans-
fer ignored in the external region and radiation heat transfer by
its first order Taylor polynomial within the heater), in this section,
we compare our model with FEM simulations carried out in COM-
SOL. In COMSOL, we  utilized the heat transfer module and a swept
mesh method with the free triangular mesh at the source faces;
the triangular mesh has a maximum element size equal to 2 �m in
the heater regions, while, the mesh becomes coarser moving away
from the heaters in order to reduce the computation time.

We consider an ideal micro-hot-plate with perfectly circular
inner and outer heaters. For our comparison, both FEM simulations
and our approximate model utilize the structure shown in Fig. 3;
the membrane consists of stacked silicon dioxide and silicon nitride
(with 0.35 �m silicon dioxide at the bottom and 1.35 �m silicon
nitride); the heater is made up of platinum; the material proper-
ties are summarized in Table 1. Since the membrane is a stack of
materials the analytical model determines thermal conductivity of
the region j using the expression [25],

kj =
∑n

i=ia
j
i
tj
i
kj

i

tj
e

tj
e =

n∑
i=1

aj
i
tj
i

(26)

where aj
i
is the ratio of the area of layer i in the region j to the total

j j
area of the region, t
i
and k

i
are the thickness and thermal conductiv-

ity, respectively, of layer i in region j and tj
e is the effective thickness

of region j. Moreover, we  replaced the substrate with a temperature
boundary condition T = Ta [23] with Ta = 20 ◦C. The convection heat
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Table 1
Material properties.

Material Thermal conductivity [W/(mK)] Resistivity [� m]  Temperature coefficient of resistance [1/K] Surface emissivity

Silicon dioxide 1.4 – – 0.5 [13]
Silicon nitride 20 – – 0.9 [39]
Platinum 71.6 1.05 × 10−7 3.927 × 10−3 –
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almost identical).
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Fig. 4. Heater geometry (not in scale).

ransfer coefficient is assumed to be equal to 250 W/(m2 K) at the
op surface and to 150 W/(m2 K) at the bottom surface [35].

In this comparison, FEM simulations utilize the perfectly circu-
ar heaters, shown in Fig. 4; the heaters act as ideal temperature
ources which is realized by applying a temperature boundary
ondition along their surface; all the relevant parameters are sum-
arized in Table 2.
With reference to case (a), Fig. 5 compares our model and FEM

imulations for the temperature distribution along the radius of
he micro-hot-plate, with Thi = Tho = 800 ◦C. Due to the non-zero
hickness, we consider the FEM temperatures at the same “thick-
ess level” (i.e. distance from the top surface of the membrane) as
he level of the top surface of the heaters. We  have deliberately
erformed this comparison at very high temperatures so that radi-
tion heat transfer is significant. In order to verify the impact of
adiation heat transfer, we present FEM simulations taking into
ccount radiation heat transfer (green-triangle curve) and FEM
imulations ignoring radiation heat transfer (red-circle curve). The
gure also shows the average temperature, Tavg, within the heater
nd �Th is the maximum temperature difference within the heater.
EM simulations and analytical results are practically identical.
ig. 6 shows the error of the proposed model and, for compari-
on, the error of FEM simulations ignoring radiation (in both cases
e assume that the FEM simulations considering radiation every-
here, i.e. the most accurate possible FEM simulations, give the

orrect temperature distribution); obviously, the error is zero in
orrespondence of the heaters (ideal temperature sources assump-

ion). Fig. 6 clearly shows that our model accurately takes into
ccount radiation within the heater and also gives the same error
s the FEM simulations ignoring radiation in the external region
in fact, our model ignores radiation in the external region). The

able 2
icro-hot-plates parameters utilized in the comparison.

Parameters Case (a) design [�m]  Case (b) design [�m]

rm 750 750
tm 1.7 1.7
th 0.3 0.3
rhi 90.5 130.5
rho 248 248
whi 30.5 30.5
who 4 3
Si-o 127 87
avg h

Fig. 5. Temperature distribution in the micro-hot-plate based on case (a) design.

relatively large error (anyway below a few ◦C) in the external region
is insignificant if the temperatures of the heaters are accurately
measured or controlled by proper feedback loops, e.g. [23,38] and
is also unimportant for the evaluation of the temperature unifor-
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Fig. 6. Error between model and FEM (complete simulation, including radiation)
and error between FEM (with radiation ignored) and FEM (complete simulation,
including radiation) for case (a) design.



U. Khan, C. Falconi / Sensors and Actu

0 0.15 0.3 0.45 0.6 0.75
0

100

200

300

400

500

600

700

800

900

Radius, r [mm ]

Te
m

pe
ra

tu
re

, T
 [ 

° C
]

0 0.2 0.4 0.6Mod el (Tavg= 78 0.4°C &  Th=57.5°C)

FEM (ra diation) (Tavg=   78 0.3°C &  Th= 57 .6°C)

FEM (no  ra diation) (Tavg= 782°C &  Th=57 .6°C)

0 0.05 0.1 0.15 0.2 0.25
740
750
760
770
780
790
800

F

d

s
i
s
(
c

i

F
a
i
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Figs. 7 and 8 show the correspondent simulations for case (b)
esign with Thi = 800 ◦C, Qc

∣∣
r=rho

= 0.

Figs. 6 and 8 show that in both cases (a) and (b) ignoring, in FEM
imulations, the radiation heat transfer within the heater region
ntroduces large errors and thus demonstrate that our model is
ubstantially more accurate than all previous analytical models
as discussed in Section 1, no previous analytical model accurately
onsidered radiation heat transfer inside the heater).

The comparison of Figs. 5 and 7 also confirms that case (a) results
n better temperature uniformity.
ig. 8. Error between model and FEM (complete simulation, including radiation)
nd error between FEM (with radiation ignored) and FEM (complete simulation,
ncluding radiation) for case (b) design.

[

[

ators B 177 (2013) 535– 542 541

4. Conclusions

Though micro-hot-plates have been widely used for decades,
there was  no accurate analytical model for the temperature distri-
bution within micro-hot-plates and, for accurate predictions, only
FEM simulations are available. However, clearly, FEM simulations
do not provide insight for the design, especially for the optimiza-
tion of the temperature uniformity within the heater, which may
be crucial for many applications, including gas sensing, infrared
emitters, and micro-reactors.

Here we  have developed an approximate model for the tempera-
ture distribution in membrane-type micro-hot-plates with circular
heater geometry. First, by taking advantage of the typically very
small thickness and of circular heater geometry, we reduced our
three dimensional problem to the solution of a form of Bessel dif-
ferential equation; as a result, the general solution, which is valid in
each region of the micro-hot-plate, can be expressed in terms of the
modified Bessel functions. Very importantly, our model accurately
approximates radiation heat transfer within the heater (which is
crucial for micro-hot-plates operating at very high temperature, e.g.
infrared emitters). By comparison with FEM simulations we  have
demonstrated that, unlike all the previous analytical models for the
temperature distribution in micro-hot-plates, our model is almost
as accurate as FEM simulations. Moreover, the analytical relations
are simple and, therefore, may  provide insight for designing micro-
hot-plates with unprecedented temperature uniformity or allow to
easily predict the temperature profile in a generic micro-hot-plate
once relevant temperatures are measured or controlled.
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